As a prelude to a truly non-perturbative e v aluation of the eective potential in terms of lattice QCD, the one loop eective potential for a non-Abelian gauge conguration is calculated using the background eld method. Through a non-trivial correlation between the space and color orientations the new background eld avoids the possible coordinate singularity, DetB a i = 0, observed recently by Ken Johnson and his collaborators in their Schr odinger functional study of the SU(2) Yang-Mills theory. In addition, since our ansatz generates a constant color magnetic eld through the commutator terms rather than derivative terms, many of the technical drawbacks the Savvidy ansatz suers on a lattice can be avoided. Our one loop study yields qualitatively the same result as that of Savvidy's.
I. INTRODUCTION
Even after many y ears of intensive eorts, the vacuum structure of non-Abelian gauge theories still remains elusive to us. Due to the lack of other systematic methods, the conventional approach is to analyze the eective action using the so-called background eld method. In their pioneer work [1] Savvidy and Matinyan, analogous to the case of QED, calculated up to one loop order the eective potential for an Abelian background gauge eld, A a (x) = 1 2 H a3 (x 1 2 x 2 1 ); (1.1)
which generates a constant color magnetic eld B a i = H i3 a3 in the SU(2) Yang-Mills theory. I t w as then found, remarkably, that the vacuum with this background eld is energetically favored over the perturbative v acuum (H = 0). Unfortunately, a more careful analysis [2] soon revealed that there exists an imaginary part in the eective potential, indicating that the background eld Eq.(1.1) is not a minimum but rather a saddle point in the conguration space in the context of the loop expansion. The subsequent w ork by the Copenhagen group [3] , still within the framework of loop expansion, tried to remedy the physically appealing picture of Savvidy's vacuum by i n troducing inhomogeneouty, leading to the so-called Copenhagen vacuum.
However, the validity of the loop expansion has been questioned by Maiani et al [4] . These authors strongly argued that the calculation of the eective potential in the presence of a background eld is actually non-perturbative. So far the only known non-perturbative technique in eld theory that can be made systematic is the lattice approach. More recently several works with the lattice approach h a v e appeared in the literature, both in four dimensions [5] and three dimensions [6] . Due to various technical reasons, mainly related to the fact that the Savvidy ansatz in Eq.(1.1) is non-uniform, all these lattice works have y et to yield a conclusive result.
Recently, in an unrelated but very interesting work by Johnson and his collaborators [7] , the Schr odinger functional approach in terms of magnetic eld strength is applied to the SU(2) Yang-Mills gauge theory. In the explicit Schr odinger functional Hamiltonian they nd that there is a factor 1=DetB a i in the kinetic energy term, similar to the 1=r factor in the quantum mechanics Schr odinger equation in polar coordinate. This factor may signal a potential coordinate singularity for the color magnetic eld in the conguration space, similar to that of the wavefunctions in quantum mechanics have to satisfy certain boundary conditions at r = 0. Since the Savvidy ansatz yields DetB a i = 0 , due to its intrinsic Abelian nature, it is desirable to seek an alternative background eld, which a v oids this potential coordinate singularity. A simple choice for SU(2) gauge group, suggested to us by Ken Johnson, is the following A a 0 (x) = 0 ;and A a i (x) = h a i ; (1.2) where h is a constant in space-time. The corresponding color magnetic eld is simply given by B a i = gh 2 a i and obviously has DetB a i 6 = 0 when h 6 = 0 .
It is easy to recognize that the constant magnetic eld is generated by Eq.(1.2) through the commutator terms in the eld strength, rather than the derivative terms as in the Savvidy's case. It has been proved [8] that there are no other ways to generate a constant magnetic eld. Due to the non-trivial correlation between its directions in space and color space, the background eld Eq.(1.2) evades the possible coordinate singularity. In addition, since the non-Abelian background is space-time independent, it is much easier to put it on a lattice than the non-constant background eld Eq.(1.1). For example, the periodic boundary condition is automatic.
Before we launch an extensive n umerical simulation, it is still worthwhile to calculate the one-loop eective potential for the non-Abelian background eld Eq.(1.2). Even though it is not totally trustworthy, the loop expansion can still provide indicative information. Furthermore, to examine whether the qualitative feature of the one-loop eective potential strongly depends on the choice of the background eld is also interesting. In particular, we w ould like t o nd out whether the coordinate singularity has any connection with the existence of the imaginary part in the eective potential. In this paper we will only address the question of the one-loop calculation and leave the lattice study for the future.
In doing the one-loop calculation we encountered several technical points, which w ere known in the literature but not emphasized enough. We decide to briey go through (in the next section) the standard background eld method in gauge theories, with those technical points in mind. In section III we explicitly calculate the one-loop eective potential for the non-Abelian gauge background in the three dimensional SU(2) Yang-Mills gauge theory. Unfortunately, w e w ere unable to carry out a similar calculation in four dimensions (except the divergent part, which is done in the appendix), due to technical diculties in evaluating certain integrals. Finally, w e summarize and briey discuss the generalization of the lattice background eld method in section IV.
II. FORMALISM
In this section we outline the basic steps in the background eld method in gauge theories [9] . There are two reasons to go through the well-known method. The rst is to establish our own notations. The second is to emphasize two technical aspects, the question of whether it is necessary to require the background eld satisfy the classical equation of motion and the gauge choice in the evaluation of the functional integral. When possible we follow the convention of Abbott [9] .
The generating functional in the background eld method (in Euclidean space) starts with 
If we only want to calculateZ[J; A ] to one-loop order, then it is equivalent t o e v aluate Eq.(2.5) in the steepest descent approximation,Z
In arriving at the expression of L (2) 
with N ab = D ac (M 1 ) ce D eb . The rst factor is the classical contribution. The second and third factors are the one-loop quantum corrections due to the ghost eld () and uctuation eld (Q), respectively. Notice that the linear term L (1) (A; Q) drops out automatically in the calculation process. There is no need to require the background eld to satisfy the classical equation of motion D ab (A)F b (A) = 0. This independence of the linear term remains true to all orders in loop expansion, because the eective potential is a sum of all one-particle irreducible diagrams with A elds on the external lines and Q elds on internal lines (whenQ a = 0). In fact, the linear term is always compensated by the source J a . Remember that the physical limit in the background eld method isQ a = 0, not J a = 0 . A t this point w e w ould like to comment on the implementation of the gauge condition 
III. EFFECTIVE POTENTIAL
In this section we apply the background eld method to calculate the eective potential for the background eld mentioned in the Introduction in three dimensional SU(2) Yang-Mills gauge theory in Euclidean space. The three dimensional analog of Eq.(1.2) would be, A a (x) = h a :
This choice of A a leads to non-vanishing eld strengths, through commutator terms rather than derivative terms as in the case of Savvidy's ansatz, Since the background eld is a constant in space-time it is convenient t o w ork in momentum-space. Using the formula det M = exp(Tr l n M ) combined with Eq.(2.9), we h a v e the expression for the eective potential to one-loop order in our ansatz which i s a 9 9 matrix for a given momentum p. This matrix can be interpreted as the Hamiltonian of a relativistic spin-1 ( s ) and color spin-1 ( c ) boson, with the rst term being the free particle part, the second thep c and the third s c . The last two terms can be negative for low momentum, depending on the relative orientations ofp, s and c . I t i s i n teresting to observe that in the case of Savvidy's ansatz the corresponding M matrix is the Landau diamagnetic Hamiltonian. Using the regularization of Salam and Strathdee [12] , which i s a v ariation of Schwinger's proper time method [13] , the integrals in Eq.(3.3) can be worked out explicitly. Because the three dimensional Yang-Mills theory is super renormalizable, the only divergence we encounter is an overall additive constant. The regularization procedure includes three steps. Firstly, a n i n tegral representation for logarithmic function is used. For real E, positive or negative, The remaining t{integral can be converted into a Gamma function through the contour integral technique. Finally, the limit of ! 0 i s t a k en.
After dropping an overall divergent constant, the eective potential has the following expression, Since the eective potential evaluated at the minimumpoint is the energy density relative to the perturbative v acuum, V e (h min ) < 0 signals that the system prefers to spontaneously generate color magnetic elds in order to gain energy and in turn signals the instability of the perturbative v acuum. However, due to the presence of the imaginary part in V e , the vacuum characterized by Eq.(3.11) itself can not be stable either, at least not in the loop expansion to one-loop order.
In passing, if the Feynman gauge ( = 1 ) w ere used, which w ould be equivalent to ignoring the term ln N(h; p) i n Eq. To generalize the above calculation to four dimensions, we could try the ansatz A a i = h ia (i = 1 ; 2 ; 3) in the temporal gauge A a 0 = 0, as in Eq.(1.2). In fact, such a calculation already exists in the literature [15] about one decade ago, with a dierent motivation. However, the minimum point found in that work is not renormalization group invariant, which in turn implies that their {function diers from the correct SU(2) value (by a factor of 2). This is in contradiction with rather general arguments, for example in [4] , that the ultraviolet behaviors of the Yang-Mills theory stays the same, independent of the presence or absence of a background eld, since the background eld is only relevant in the infrared regime. Furthermore, in the work of L uscher, in terms of Hamiltonian approach [16] , and of Kolker and van Baal, in terms of Lagrangian approach [17] , where they calculated the coecients of the eective potential in SU(2) Yang-Mills theory for constant background eld up to fourth order in the background eld on a nite torus, the {function was found not to be modied by the presence of the background eld. The same conclusion was shown [18] to hold explicitly at one loop level, at least for some classes of background elds, without expanding the eective potential as a power series of the background elds. Since the {function is gauge (or ) independent in the dimensional regularization and minimal subtraction scheme [19] , although the nite part is explicitly dependent, we suspect that the authors of reference [15] overlooked certain subtleties in calculating the four dimensional functional determinant. Due to the lack of details in their paper we could not explicitly check their results. However, since the imaginary part of the eective potential is nite and easy to calculate, we h a v e v eried that the authors of [15] missed a term due to one of their 4;5;6;7 in Eq.(5), which could become negative for low enough momenta. To nd out what really happens in our case, we will show, in the appendix, that the {function is not aected in the presence of the background eld Eq.(1.2) through an explicitly calculation of the divergent part of the eective potential.
IV. SUMMARY AND DISCUSSION
To summarize, we h a v e calculated the eective potential for a particularly chosen non-Abelian background eld in the three dimensional SU(2) Yang-Mills theory. T echnical questions related to the linear term and the gauge choice were illustrated. The result is found to be qualitatively similar to that of the Abelian ansatz of the Savvidy type [14] , both in real part, which indicates a spontaneous generation of the color magnetic eld, and imaginary part, which signals the instability of the background eld Eq.(3.1) as the vacuum conguration under the loop expansion. Though not explicitly calculated, the four dimensional eective potential with the same non-Abelian ansatz in the temporal gauge is expected to behave v ery much the same. Given the qualitative similarity b e t w een the three dimensional and four dimensional eective potential in the Savvidy ansatz, we suspect that the eective potential is insensitive to the coordinate singularity, DetB a i = 0, if it indeed exists. It is important to recognize that the starting point in Eq.(2.1) would be a well dened problem if the functional were evaluated non-perturbatively. The appearance of the imaginary part in the eective potential is only caused by the loop expansion. In other words, when we w ere doing steepest descent approximation, we w ere expanding at a saddle point. In addition, even if the expansion point w ere a true minimum, the stationary solution of the eective potential calculated up to a nite loop order could not be trusted quantitatively, due to the fact that at the stationary point of the eective potential the higher order terms become as important a s l o w er order terms and hence the loop expansion breaks down. Therefore the result in this paper could at best be regarded as indicative. The nal answer has to be settled by a non-perturbative means, such as the lattice simulation as mentioned in the Introduction.
In fact, a lattice generalization of the background eld method is rather straightforward. Let us consider 
a lattice version of Eq.(2.2). A Legendre transform of Z L [J ; U ] w ould lead to a gauge invariant eective action, provided that the induced gauge eld is constrained to have zero expectation value by adjusting J (x), just as in the continuum case. The remarkable thing here is that we do not need to x the gauge on a lattice and therefore the resulted eective action is unique for a given choice of the functional form of f. As mentioned in the Introduction the background eld ansatz Eq.(3.1) can be conveniently realized on a lattice. The constant nature of the ansatz avoids problems with the boundary condition and non-uniformness of the lattice constant eect due to the linear rising ansatz of Savvidy. Since Eq.(2.2) only involves one parameter it may not be dicult to nd a way to adjust the external current J to ensure a vanishing of the expectation value for the induced quantum eld. Work along this line will be pursued in the future.
ACKNOWLEDGMENTS
It is our pleasure to thank H. B. Nielsen, H. Trottier, P. v an Baal, and especially Ken Johnson and Janos Polonyi for many v ery fruitful suggestions and discussions. This work is supported in part by funds provided by the U. S. Department of Energy (D.O.E.) under contracts #DE-FG06-88ER40427, #DE-AC02-76ER03069 and #DE-FG02-91ER40676.
APPENDIX
In this appendix we explicitly calculate the divergent part of the eective potential for the background eld Eq.(1.2) and show that the {function remains the same as calculated with zero background eld in four dimensions. Since we do not expect the divergent part to depend on the gauge choice in the Minimal subtraction scheme [19] , we will pick the Feynman gauge ( = 1) for convenience.
The four-dimensional analog of M(h; p), Eq. 
Due to the explicit gauge invariance of the eective potential in the background eld approach, the product gh needs no renormalization [9] . Hence the factor in the bracket in the above equation is nothing but Z 2 g , which leads to the correct {function. Therefore, the ultraviolet behavior of the SU(2) Yang-Mills theory in the background Eq.(1.2) remains universal.
